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Section I

10 Marks
Attempt Questions 1 — 10 (1 mark for each question)

Allow about 15 minutes for this section.

Use the multiple-choice answer sheet for Questions 1-10

I. Given that cos™ a =b where b is an obtuse angle, which of the following could the

value sin'a ?

A 8z
5
B. 3z
5
C. 3
5
D. -Z
5

2. The polynomial P(x) has a degree 6. When P(x) is divided by another polynomial

Q(x) the remainder is x° +1.

Which of the following is true about the degree of the polynomial
29

H(x) = (P(x)Q(x)) !

A. The degree could be 10, 11 or 12.

B. The degree could be 18, 20, 22 or 24

C. The degree could be 20, 22 or 24.

D. The degree could be 22, 24, 26.



3. The diagram shows y = f(x).

/3

Which of the following is the graph of | y|=/'(|x|) ?

A.
/P y

N 3 o~

als




4. The diagram shows the graph of a function.

Ay
—> X
0
Which pair of parametric equations represents this function ?
A. x=t-1 and y=3t-+ , where —1<¢<2.
B. x=t+1 and y=3t-+ ,where-1<t<2.
C. x=t-1 and y=-3t+¢ ,where—1<¢<2,
D. x=¢-1andy=3t+¢ , where —1<¢<2.
5. The numbers 2, 4, 5, 6, 8, 10, 12, 16, 40 are written on separate cards and placed in a

bag.

What is the smallest number of cards we need to take from the bag to make sure we get
at least one pair of numbers that have a product of 807



6.

The diagram shows the graph of /(x) which is the product of the functions
f(x)and g(x).

!

Which of the following is the best option to represent the graphs of two functions

f(x) and g(x)?

4\y /\y
A. B
0 >
j \j N
ry
C rYy 1 D
> X
0
- X
0




7. Which of the following options could be part of the graphical solution to the

differential equation @ = ,;?
dx 4sinycosy

A 1Y B, |7
4
- X
0
. 5 -> X
[ ]
> X
0
-> X
0
8. The length of the projection of vector p = 2(ln x)2 i +3Inx j, where Inx is a positive

integer,onto g=-5i+12; is % . What is the value of ‘p‘ ?

A5
B. 10
C. 13
D. 15



10.

The magnitudes of two vectors p and ¢ are 3 and 2 respectively.

The angle between these two vectors is € such that %S 0 SzT”.

Which of the following is the correct range of values for ‘ pP—q ‘?

A 7< ‘p—c!‘£19

A one-to-one function g(x) has domain x>0 and range y > 0.

g(x) passes through the origin and its inverse function is g ' (x)

Given that I(g_l(x)—x )dx:%azand g’ (x);tx for 0<x<a ,
0

g7 (a)

what is the value of I g(x) dx?

(=}



Section II
60 marks
Attempt Questions 11 — 14

Allow about 1 hour and 45 minutes for this section.
Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (15 marks) Start a new Writing Booklet.

10
(a) Find the coefficient of x* in the expansion of (x +2 ) .
X

(b) Solve the inequality %2 -1.
X—

(c)  The polynomial P(x)=3x"—ax’—8x+b has x=-2 as aroot of
multiplicity 2.

Find the values of ¢ and b.

(d)  Use the substitution u =tanx—x to find [tan® xy/ tan x—x dx .

(e) In a large city, the probability that a person has red hair is 0.18.

Let p be the random variable that represents the sample proportion of red haired
people from a sample of size n, drawn from the city.

Assuming that sample proportion is approximately normally distributed,
what is the smallest value of » such that the standard deviation of p is

less than or equal to 0.07?

(f)  Consider the vectors ¢ =i —2j and b=xi+)j where x and y are real.

It is known that 5 is perpendicular to ¢ and |Zg| =2.5.

Find the possible values of x and y.
End of Question 11



Question 12 (15 marks) Start a new Writing Booklet.

(a)

(b)

(c)

(d)

(e)

Consider the differential equation d_y: 23x +); . 2
dx x -y

Draw the correct slopes of the direction field at the points A(O, —2),
B(—1,2) and C(l,l).

A firework is projected from the point 4(0, 10) with initial velocity of
magnitude V' m s’ at an angle @ to the horizontal.

Before reaching its maximum height, the firework explodes at a point B.
The time taken to reach B was 2 seconds.

Its velocity at B is 34 ms™' where its path makes an angle a with the horizontal

such that tano = ﬁ .
15

The vector position of the firework is given by 7= (Vtcos@)i+(10+Vtsin@—5t>); .

(1) Show that V'sind =36 . 3
(i) Find V, the magnitude of the initial velocity, and the size of the angle 2
of projection 6.
The gradient of the tangent to the curve g (x) = ( sin”! %]2 at the point 4 3
with x coordinate b is 2 .
2 3

Find the value of 5.

There are n dancers in a performing arts academy. 2

The trainer is to select a group of two or three of these dancers to perform in

a certain concert.

The number of different groups of three dancers he can select is 3 times the

number of different groups of two dancers.

Find n the number dancers in the performing arts academy.

Use mathematical induction to prove that, for any integern> 1, 3

9"+? 2> is divisible by 5.

End of Question 12



Question 13 (15 marks) Start a new Writing Booklet.

(a)

(b)

Consider the part of the curve with equation x = a+cosbhy,where 0 < y < 27 and
a>0 and b are constants.
A vase is made by rotating this part of the curve about the y -axis as shown below.

p?

/—\
-2

AV

X = a+cosby

NOT TO
SCALE

> | <
RS

| 0] [ [ |

Jé

AN /NN
VoS

(1) Find the value of b.

(ii) Given that the exact volume of the vase is 197 cubic units, find the value of a.

A juice company sells 375 mL juice bottles.

The product manager of the juice company claims that “75% of their juice bottles
contain more than 375mL”.

During a routine check the director of the factory checked 18 bottles and found
9 of them contained less than 375mL.

Assuming that the claim of the product manager is correct, the director used the
Normal approximation to the binomial distribution to calculate for a random sample
of 18 the probability P of having at least 9 bottles containing less than 375mL.

Find the value the value of P and explain why this method might not be valid.

You may use the information on page 13 to answer this question.

Question 13 continues on page 10



(c) Consider the monic polynomial g(x) with degree 3 and roots &, Band y.
It is given that g"(a+ﬂ+7/):20 and g"(o:2 +p° +y2)=164.

Find the value of a(B+y)+B(a+y)+y(a+p).

(d) The diagram shows an isosceles triangle ABC with AB = AC.
The base BC is produced to D such that CD = BC.

E and F are points on AB and AC respectively such that
Ez(lﬁtl)q , EB=2u, ﬁz(ﬂc—l)y and FC =v.
A

NOT TO
SCALE

D

Given that EF = p ED, find the value of the scalar quantity p .

(e) The function f'(x) is defined in the domain x > e and its derivative is
f'(x)=xInx—x+1.

Show that f'(x) has an inverse function /™' (x) in the domain x> e.

End of Question 13

10



Question 14 (15 marks) Start a new Writing Booklet.

(a) Consider the differential equation (ex + 1)% =e' secy.
X

Find the particular solution of this equation given that it passes through

the origin.
(b) The diagram shows two tanks P and Q connected by a small valve.
NOT TO
SCALE
Hcm p
Q
bem bV2 cm
acm av2 cm

Initially, tank P is full of liquid and tank Q is empty.

At time ¢ =0, the small valve opens and the liquid from tank P passes
into tank Q.

The height of liquid in tank Q increases at a rate proportional to
the difference in the heights of liquid in the two tanks.

At a time ¢, the level of liquid in tank Q is & cm.

(i) Show that % =k(H —3h), where k is a positive constant.

_ 3k

(i1) By solving the given differential equation show that /= g(l e ) .

(111) After 4 seconds, the level of liquid in tank Q is A cm and

after 12 seconds is h,cm. Given that &, = %hl , find in terms of H

the level of the liquid in tank Q after 16 seconds.

Question 14 continues on page 12

11



(¢) Inthe triangle MNP shown in the diagram the points £, F and G are the
midpoints of MN, MP and NP respectively. M

M

NOT TO
E F SCALE

N P
G

Letm=lg,W=p , NR=x NF and PR =y PE,where x and y are real numbers

between 0 and 1.

By finding two expressions for MR , show that the medians PE, NF and MG are

concurrent and that R divides each median in the ratio 2:1.

End of paper

12



Table of values P(Z < z) for the normal distribution N(0,1)

0.00

0.01

0.02

0.03

o

0.06

0.07

0.08

0.09

0.0

0.5000

0.5040

0.5080

0.5120

0.5160

0.5239

0.5279

0.5319

0.5359

0.1

0.5398

0.5438

0.5478

0.5517

0.5557

0.5636

0.5675

0.5714

0.5753

0.2

0.5793

0.5832

0.5871

0.5910

0.5948

0.6026

0.6064

0.6103

0.6141

0.3

0.6179

0.6217

0.6255

0.6293

0.6331

0.6406

0.6443

0.6480

0.6517

0.4

0.6554

0.6591

0.6628

0.6664

0.6700

0.6772

0.6808

0.6844

0.6879

0.5

0.6915

0.6950

0.6985

0.7019

0.7054

0.7123

0.7157

0.7190

0.7224

0.6

0.7257

0.7291

0.7324

0.7357

0.7389

0.7454

0.7486

0.7517

0.7549

0.7

0.7580

0.7611

0.7642

0.7673

0.7704

0.7764

0.7794

0.7823

0.7852

0.8

0.7881

0.7910

0.7939

0.7967

0.7995

0.8051

0.8078

0.8106

0.8133

0.9

0.8159

0.8186

0.8212

0.8238

0.8264

0.8315

0.8340

0.8365

0.8389

1.0

0.8413

0.8438

0.8461

(0.8485

0.8508

0.8554

0.8577

0.8599

0.8621

1.1

0.8643

0.8665

0.8686

0.8708

0.8729

0.8770

0.8790

0.8810

0.8830

1.2

0.8849

0.8869

(0.8888

0.8907

0.8925

0.8962

0.8980

0.8997

0.9015

1.3

0.9032

0.9049

0.9066

0.9082

0.9099

09131

0.9147

0.9162

0.9177

1.4

0.9192

0.9207

0.9222

0.9236

0.9251

0.9279

0.9292

0.9306

0.9319

1.5

0.9332

0.9345

0.9357

0.9370

0.9382

0.9406

0.9418

0.9429

0.9441

1.6

0.9452

0.9463

0.9474

0.9484

0.9495

0.9515

0.9525

0.9535

0.9545

1.7

0.9554

0.9564

0.9573

0.9582

0.9591

0.9608

0.9616

0.9625

0.9633

1.8

0.9641

0.9649

0.9656

0.9664

0.9671

0.9686

0.9693

0.9699

0.9706

1.9

0.9713

0.9719

0.9726

0.9732

0.9738

0.9750

0.9756

0.9761

0.9767

2.0

0.9772

0.9778

0.9783

0.9788

0.9793

0.9803

0.9808

0.9812

0.9817

2.1

0.9821

0.9826

0.9830

0.9834

0.9838

0.9846

0.9850

0.9854

0.9857

2.2

0.9861

0.9864

0.9868

0.9871

0.9875

0.9881

0.9884

0.9887

0.9890

23

0.9893

0.9896

0.9898

0.9901

0.9904

0.9909

0.9911

0.9913

0.9916

24

0.9918

0.9920

0.9922

0.9925

0.9927

0.9931

0.9932

0.9934

0.9936

2.5

0.9938

0.9940

0.9941

0.9943

0.9945

0.9948

0.9949

0.9951

0.9952

2.6

0.9953

0.9955

0.9956

0.9957

0.9959

0.9961

0.9962

0.9963

0.9964

2.7

0.9965

0.9966

0.9967

0.9968

0.9969

0.9971

0.9972

0.9973

0.9974

2.8

0.9974

0.9975

0.9976

0.9977

0.9977

0.9979

0.9979

0.9980

0.9981

29

0.9981

0.9982

0.9982

0.9983

0.9984

0.9985

0.9985

0.9986

0.9986

13




2023 Year 12 Mathematics X1 Trial Examination SOLUTIONS

Suggested Solution (s)

Comments

As bis an obtuse zngle then —1 < a < 0 znd
from the graph we can see that for this range of

vzlues of a that —% <sin'a<O.
This indicates that the only valid option is — %

Hence, the corract option is D.
2. C

When P(x) is divided by Q(x) the remzinder is

x* + 1. As P(x) has degree 6, and the remainder has
degree 3, the polynomizl @(x) must have degree 4, 5
or 6. This means P(x) % Q(x) must have degree 10,

11l or 12. Hence (P (x) Q(x))l must have degree 20,

22 or 24.

Hence, the corract option is C.
3. B

The graph of ¥ = f(|x|) keeps the part of the graph
which is to the right of the y axis and adds its
reflection across the y axis to form the final graph.
The graph of |y| = f(x) keeps the part of the graph
above the x axis and adds its reflection across the

x axis to form the final graph.

So, the graph of | ¥| = f(|x|) involves both of these
transformations, which tzken in either order will

produce the graph shown in option B.

4 A

In all options we have —1 < t < 2 this means
—2<t—1 < 1and as from the graph

—2 < x < 1 wecaneasilydeducethatx =t — 1,
This indicates that option B is invalid.

Using the table below we can see that option C
is invalid as (—2, 2 ) is not 2 point on the graph.

t x y

Option C -1 -2 2

Also, using the following table below we can see
that option D is invalid as (—2, 2 ) is not 2 point
on the graph.

t x y

Option D 2 1 -

Now, Options B, C and D are invalid then option must
be valid. In addition, if we substitute any value of ¢
such that —1 < t < 2 we obtain a point on the curve.

Hence, the correct option is A.

5. B

The pzirs of numbers which produce z product of 80
are 2= 40, 5x 16, and & x 10. To find how many
numbers we must select before we can guarantee 2
pair that will produce a product of 80, we must
examine the worst possible case. The first 3 numbers
selected could be 4, 6 and 12 which cannot form a pair
with a product of 80. The next 3 could be one from
each of the pairs which could form a product of 80.
The next number selected must be the other half of
one of the 3 pairs that will produce a product of 0.
So, the smallest number of cards to be selected before
we get at least one pair of numbers with a product of
80is 7.

Hence, the corract option is B.

6. D

As h(x) has 4 zeros, the graphs of f(x) and g(x) must
have a total of 4 distinct zeros, which means the
correct option must be B or D. Option B has 2 of its
zeros on the negative part of the x axis, but h(x) has
only one zero on the negative part of the x axis,
another zero 2t the origin and 2 zeros on the positive
part of the x axis, which matches the zeros of the 2
graphs in option D exactly.

Hence, the correct option is D.

7. A




2023 Year 12 Mathematics X1 Trial Examination SOLUTIONS

7. A
day 1 dx .
As =2 = ——  then — = 4sinycosy
dx 4sinycosy dy
= 2sin2y
Sox = —cos 2y as shown below.
! ! ' s ' ' ' ' ' ' '
R Y SRR LR 5, b R PRy Y NN R R |
' ' ' 1 }I ' ' ] ] ' '
' ' ' ' ] ] ] ] ' [
' ' [ ' ' ' ' ' ' ' '
calondoscdeutede o Pnolewhed
! ' ' ' ' ' ' ' ' '
' ' ' ' ' ' ' ' ' ' '
' ' ' ' U 1 ' ' ' ' 1
S srTATTrTIsT CreatTctr s = r=a
' 1 ' ' (i 1 1 1 1 1
' ' ' ' ' ' ' ' ' '
I (IS QS SN ISR Iy S g R S I
! ' ' ' ' ' ' ' ' '
! ' ' ! ' ' ' ' ' ' '
' 1 ' ' 1 1 1 ' ' 1 1
-l -y - B S e e e A E N S|
! ' ' ' ' [ ' ' [ [
' 1 ' ' ' ' ' ' ' ' 'X!
I - } i } - } i |
Y T T T T T T T T T Loy |
-t ' ' " T T T S
'\'\-.‘*L [ T T T N
! ' ' ' ' ' ' ' ' ' '

Hence, the correct option is A

3. B

The Iength of the vector projection of vector p, onto

32
E 2. hich we are given as —

lx] 13
Now,|g] = /(=5)% + 12? = V169 = 13
andp_-g_-—lofn?'x = 36 Inx this indicates that
T}Jﬂ — -IOlnz.:;- elnx _ E I

=10 (Inx)? +36Inx = 32 thatis
10(Inx)*+36Inx+32=0
1I0m*—36m+32=0
2(5m—8)(m-2)=0thatism=20rm=‘-,:.

vector g is

Asm = In x is a positive integer then only

Inx = 2is valid.

Therefore,p =8i+6 so |p| = V87 + 62 = 10.
Hence, the correct option is B.

5. C

1"

L—a
q

—~—

Using the cosine rule

Iz —al* = Ip|* +1q]* — 2lpllq| cos &

WhenB--. lp—gql*=9+4— 2x3x"x%
lp—gql=V13—-6=V7

When ==, |p-q|2=9+4—2x3x2x(—%)
|B—g|=\!‘13+6=\1'19

So, V7 < |p—gql €V19

Hence, the corract option is C.

Alternative method

Using the cosine rule

lp —gl* = |pI* +1g1* — 2lpllq| cos &
=9+4-2x3x2cosf

=13 —12cosf

Now, we zare given% <6< 2—:’ this indicates
—%5cosﬁ$ :-5062—12c0502—6
Therefore 19 = 13 — 12cos§ = 7 thatis
192 p—gl*=7.

So, V9 z|p—ql 2V7

Hence, the correct option is C.

10. A

As g(x)is a one to one function, it contains no turning
points. Also, as fo (g Yx)—x )dx= -a which is

positive then g ~'(x) must be above the line y = xin
the domain0 < x < a.
From the above we can create the graph shown below

. N
where the given area which |s;a‘ is coloured green.

Now, j:]'q @) g(x) dxis equivalent to the area inside
the trapezium minus the mustard yellow srea between
the curve, the line y = x and the line y = a which is
by symmetry equal to %az.

The area of the trapezium is equal to the area of the
triangle A = -:- XxXaxa= %a‘ plus the zrea of the
rectangle A = a(g ' (a) —a) = a(g ' (a)) — a*
Hence, the required area is

2 4 1. s 8 .
f g(x) dx = —a’+ag '(a) —a’*— =a’
) 2 2
=ag '(a) —2a*.

Hence, the correct option is A.
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QUERTION, A1,
10

z) The general term in the expansion of (x + %) is

10 W=7 g~y — 10 Ar L10-1r -1
Tm—( ) (2x )—(r)- x" T x

10 .

—_ ar 10 -2r

So,T,..,_(r).. X \/

Now, we need coefficient of x* this means
10 —2r = 4thatisr = 3.
So, the required term is

T, = (130)23::“'"’ =120x8xx*
Hence, the coefficient of x* is 950. \/

1
b) To solve pary = —1, we multiply both sides by

the positive factor (x — 3)? and as it is positive,
the inequality holds, we get

(x—3)*x —(x—3)*,wherex—3%0

x—3= —(x—3)°
(x=3)+(x—3)*=20
(x=3)[1+(x—3)]=0
(x—3)x—2)=0

First, we graph ¥ = (x — 3)(x — 2).

v
*-
44
3-
n X
t —t t
1 2 3 4

Now, by considering the parts of this graph, at

which the y values are positive or above the x axis

we get that the solution of ﬁ = —1 whichis

x<2Zorx>3asx¥F3. \/
Alternative method
—> 1 which means —+1>O
x-3 = ¥ -
x=-3 =
X 2 3
x =2 -1 0| + + +
x—3 — — — undefine | +
Solutions + 0 — | undefine | +

From the table we can see that the solution is
x<2orx>3asxF3.

) P(x) =3x*— ax* —8x+b

As x = —2is a root of multiplicity 2 of P(x) then
the three roots can be written as —2, —2 and a.

Using the sum of the roots two at 2 time, we get

4-2a-2a= —g thatis

8
—4a = — 5 4. Multiplying by 3, we get
5
—12a = —20 So, @ = .

Using the product of the roots, we get

5 [ .
-2 X =2 X% 3573 this means

X=-2 so,b=—20. v

3

Using the sum of the roots, we get
5_a,. 7

-2-2 +,-‘=7th|smeans—-3- =

So,a =-7. \/

djI= ftanzxw‘ fanx—x dx
Letu =tanx — x
sodu = (sec’x — 1)dx thatis du = tan*x dx

" 3
SoI:fu%dztzgu?-i-C ‘/

2 2
=§(tanx—x)'-'+c ‘/

w|n

e) Standard Deviation of a sample proportion
which is approximately normally distributed is

o= J%. As o < 0.07 then J 218 X0% £ 0.07 v

Also, as both sides are positive, we can square both
01476
- < 0.0049.

Now, as n = 0 we can multiply both sides by n, we get
0.1476 20,0049 n thismeansn = 30.12244..

As n must be a positive integer, the smallest possible
vzlue of n will be 31. \/

sides, we get

f) Asblspetpendlculaxtoa.then
a-b=x—2y =0thatis x_2} (1)

~ ~
Also, |b| = /x* + y* = 2V/5.
~
By squaring both sides, we get

C+yi=20 (2)v

By substituting (1) in (2), we get \/
4}': + y: = 20 this means 5)‘2 =20thatisy® =4
So,y = £2.

Now,wheny=2,x=4 andy=-2,x = —4
Hence, the possible values of x and y are
x=4y=2o0rx=—-4,y=-2 \/
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QUESTION 12|
2) ac A(0, 2) ‘m+w=7= _5,

_ 2x=142 _
At B(—I.Z). a ey s 0. \/
This indicates that the tangent is horizental.
2x1 + 1

AtC(1,1), 2—:1 i - (undefmed)

This indicates that the tangent is vertical.
1 ' 1 ‘ ' ) '

1 ' 1 r ) ) '
--a----r----«---s--) i I B
1 ' 1 ' ) '

' ' ' : , '

1 ' 1 ' ' '
- P - U, 17 IS - FUy - g
1 ' ' ) '

' ' — ' ' '

1 ' 1 ' 1 '
caquesspunsdueacfdiecccpeccqeacnpua
1 ' 1 1 ) '

' ' ' InC ' ' X
! : ! ! ! '
L) L) L) ¥ T LI
-3 =2 -1 1 2 3
1] ] 1] ' 1 '
--1----r---1--—1"----r---'1----1'--
' ' ' ‘/. ' '

! ! ! slope at A and C both correct
--1----r----|---: ‘i e B S
' ' ' ' : '

1 ' 1 ' ) '
' ' ' ' : '
-'1'-'-r-'-'\-'-3 il e B S

b} i) We are given that the velocity vector at B is

34 m s and its direction is tana = % . Now, to find
the vertical and horizontal components of the velocity
at B we need to find first sin a and cos a.

Using Pythagoras theorem, we get

a =8¢+ 15% = 17.

This means the a=17
vertical and horizontal 8
components of the
velocity at B are 15
‘;) 34sina and % =34cosa
' 4
% =34x :— ‘;—: =34 X ’—:

ax

—=16ms"! (1) T = =30ms"! (2) ‘/eltherlorZ

Now, we are given y = 10 + Vtsin8 — 5¢¢
this means the vertical component of the velocity is

=VsinB—-10t /
As the vertical component velocity 3t Bis 16 ms "
from (1) and the time toreachBist = 2so by
substitution, we get 16 = Vsin& — 10 X 2 this means
Vsiné — 20 = 16 Hence, Vsin& = 36 (3) \/

ii) The horizontal component of the velocity is
constant. This means the horizontal component of

slope at B correct

correctly shown

the velocity at B which is 30 ms ! from {20 equals the
horizontal component of velocity 2t A which is V cos &
Hence, Vcos & = 30 (4)

Dividing (3) by (4), we get

Vsiné 36
= — thatis tan 6--
Vecosé 30

Hence, 6% 50°12°, \/

By squaring (4) and (5) then adding the results,
we get Visin?6 + Vicos?6 = 367 + 30°
VZ(sin®8 + cos®6) = 1296 + 900

V2 =2196So,V = 6V61 = 46.86 (2d.p)asV > 0. v

Hence, the initizl velocity of the firework is
46.86 m 5! and the angle of projection is
approximately 50 127,

<) g(x)-(arcsm ) as arcsin ;=sm %
theng(x):(sin %)-.
g(x)—— sin )

— in=1% .y 4 -1%
2xsin x| 1") )
A=t X\ _ __F
Note.dx(sm b)_ — v

Vitw
1 1
= == - (2)
b '1 - X Jb¥-x2
3
By substituting (2} in (1), we get
% 1
'(x) =2 xsin" ' —x
g'(x) sin” X s

Now, the gradient of the tangent is

g‘(—i):szin“(%xl—:’)x F—' v’

b 1 1
o — s
g(z) 2 X gin 5 X o
RS 3
by _ T 1
g(3)=2xgx—=
ib
T
g’(b)-ﬂx 1 _rrx 2
N N T
We are given that g’ (5:) = ——this means
T 2 2n )
ERN T Aair)

Dividing on both sides by z—”, we get

v'?

= 1thatisbV3 = 1 Hence, b _1—[
b\-

d) The groups of dancers formed will be combmations
as the order of the members in each group is not
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important.
So, the number of 2 person groups will be

ny _ n!
(2) T 2i(n = 2)!
Also, the number of 3 person groups will be

()=t
3 3i(n — 3)!

Now, as the number of different groups of three
dancers he can select is 3 times the number of
different groups of two dancers then

n! nl

T T e e vV

Dividing both sides by n!, we get
1 _ 3

3l(n—=3)! " 2i(n—2)!

Multiplying both sides by 3! (n — 2)!, we get
n—2=9 So, n=11. ‘/

Hence, the number of dancers in this academyis 11.

e) Consider 9" +3 — 23n+2

Forn = 1, the statement is 9* — 2* = 6545 \/
which is divisible by 5.

Hence, the statement is true forn = 1.

Assume the statement is true for n = k that is
gk+3 _ 22k42 _ 5 \where pis 3 positive integer.
Forn = k + 1 the statement is

9k+4 - 2'."6-0-4 =9 x 9k¢3 - 2:‘#-0-4

By substituting 9 ¥*? = sp + 27%*2 from
assumption, we get

9 k+4 _ 2:’6-0-4

=9 x (5p+2%k*2) 22 p2ke2

= 45p + 9 x 2°K42 _ 4 5 22k42
=45p+5x2%%*2 =5 x (9p +2%+2) /
let M =9p + 22“'2 , Where M is 2 positive integer
then 9 ¥+ 4 — 22844 — 5 a0 whichis clearly
divisible by 5.

Hence, if the statementis true forn = k itis also
truefor n =k + 1.

The statement was proved true for n=1 and by
mathematical induction itistrueforn=2,n=3

and so on. Hence, it is true for all values of n = 1.

QUESTION 13

z) i) From the diagram we can see that the period of
the cosine curve is mradizns.

Given the period of 2 cosine curveis T = '—:this

2
L= =2
means -~ =7, So b=2. \/
ii) Asthe equation of the curveis x = @ + cos 2y then
the volume of the solid formed is

2
V:nf (@ +cos2y)®dy
0

2w
V= rrf a® + 2acos2y +cos? 2y dy

a
Note: cos?2y = 17(cos 4y+1)= %cos 4y +:_

o 1 1
V:rrf a‘+2ac052y+§cos4y+5 dy \/
(I. . y bl
V=rr[a‘y+asin2y+—sin4y+— ]

8 2 1,

: 1
V=rr[(2na‘+asin4n+§sin8rr+rr)— (0)]

Note: sin4mw = sin8m = 0 this means

V = m(2ra* + m) thatis

V=r%2a*+1)

So,m%(2a* +1) = 1977

Dividing by 7 on both sides, we get

2a0% +1=19thatis 2a* = 18

S0, a* = 9 this means a = +3. Now, as the given
curve is to the right of the y axis then a = 3. \/

b) Assuming the product manager’s claim is correct.
Let X be the number of juice bottles which contains
less than 375 ml.,

X follows a binomial distribution Bin (18, 0.25),
u=np=18x 025 =45

o(X) = \/npq = V18 X 0.25 x 0.75 = V3.375

If we approximate X by a normal distribution

without the continuity correction, we get

P(X)=9 =p(: > —3%) =P(z=245) v

Now, by using the table in the question booklet,

we get P(z < 2.45 ) = 0.9929.

this means

P(z2245)=1-0.9929 = 0.0071

Hence, P = 0.71%.

Note: If we approximate X by 2 normal

distribution with the continuity correction, \/ cither P=0.7

we get

85-45
V3.375

P(z < 2.18) = 0.9854 this means

P(z=218)=1-0.9854 = 0.0146

Hence, P = 1.46%.

The normal distribution will be a good

approximation of the binomial distribution
ifbothnp > Sandn(1—p) > 5.
Inour questionnp = 18X 025=45<5 \/

P(X)29=P(22 ):P(222.18)

% or P=1.46%
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Endn(1—p) = 18 x 0.75 = 13.5.
As only n(1 — p) > 5 then the normal
approximation may not be valid.

c) Let g(x) the monic polynomial with degree 2
androotsa, B andy be g(x) = x* + bx* + cx + d.
So0,g'(x) =3x*+2bx+c

and g"(x) = 6x + 2b this means /
gla+f+y)=6(a+f+y)+2b=20

Butas o, P and v are the roots of g(x), then

a + 8 + y = —b this indicates that

6 % —b + 2b = 20 thatis —4b = 20. Hence, b = —5. v/

Therefore,a +f+y=-b=5 (1)

Also, g"(a® + B +y¥)=6(a* +f*+yH )+ 2b

This means 6(a® + % + y?) + 2b = 164 thatis

6(a’+B°+y*)—10=164

So,a*+B*+y?=129 (2)

Now,a (B+y)+B(a+y)+y(a+f)

—a(f+y+a—a)+f(a+y+8—f)
+ty(a+B +y—vy)

By substitutinga + 8 + y = 5, we gst

=S5a—a'+58 -8 +5r—»°

=5(a+f+y)—(a* + 5 +y7)

By substituting (1) and (2),we get

a(B+y)+B(at+y)ty(a+f)

=5(3)-(29)=-¢

B C D
EF=EA+AF=—(k+ D0+ (2k—-1)7 v
ED = EB + BD but E:E)'(given)this means
ED = EB + 2BC
Also,E:' =E+E+ﬁthis means
ED=EB+2(BE+EF +FC )

ED =20+ 2[-2u—(k+ i+ (2k — 1)¥ + 7]
ED =2+ 2[—20 — ki — U+ 2ki — 3+ 7]
ED = 2i + 2 [-3% — kit +2k¥ ]

ED = 2% — 61 — 2kii + 4k

ED = —41 — 2kui + 4k©

ED = (—4—2k) % + k¥

Now, we are given that E" =p H)‘ this means
—(k+Du+(2k—1)0=p[(—4—2k)u + 4kv]
—(k+ 1% + (2k — 1)7 = p(—4 — 2k) u + 4pkv
This indicates that

—(k+1)=p(—4—2k) and 2k — 1 = 4pk
(k+1)=p(2+2k) and 2k — 1 = 4pk

kK41 4 2k=1
— an —
4+2k P (13 P
— k+1 2k-1

erefore, Trok ek

4k*+ 4k =8k — 4+ ak* -2k
—2k=-—4 So, k=2

2+1 3
Hence,p:mz? \/

e) £ (x) will have an inverse function f "(x) in the
domain x = ¢ if is one to one functior¥ This means
f'(x) must be strictly positive or strictly negative.
Now, we need to study the behaviour of

f'(x) = x Inx — x + 1 by finding f"'(x).

By using the product rule, we get

u=x and v =lInx

u'=1 V==
X

" 1
Sof (x):Inx+xx;—1 = Inx. \/
Now, in the domain x = e,thecurve y = Inxisan
increasing curve starting at the point (e, 1 ) which
means f"(x) is always positive. Also, this indicates
that f'(x) is always increasing and as f'(1) = 0 this
means f'(x) starts from zero and zfter that is always

positive. Therefore, f(x) is always increasing in the /

domain x = e.Hence, f(x) is one to one function and
has zn inverse function in the domain x = e.

QUESTION 14

z) (8" + 1)% =& secy
x

(e*+1)dy= dx

cosy

eI
cosy d}' = m dx /

[cosy dy = _[efil dx

siny=In|e*+1|+¢c \/
Now, e* + 1> Otherefore |e*+ 1| = e* + 1.
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So,siny=In(e*+1)+c

dh
- . ii) — = k(H — 3h) this means
As the graph of this equation passes through the

origin this indicates thatwhenx =0, y = 0. f 1 dh = fk de
: 0 H—3h
sin0=In(e"+1)+¢ \/ g
0=In2+cthatisc=—In2. -

SIH 3h dh = fk dt

Therefore, siny = In (&* + 1) — In 2 this means

pesfi v’ cither
iy fH 3hdh_—3fkdr

. eX 41 In|H—3h|=-3kt+c
y =sin~ (Zn( > )) o
Now, H — 3k > 0/{ as the liquid will flow from tank P

to tank Q if the difference in height is positive)
then | H — 3k | = H — 3h.
So,In(H—3h)=—-3kt+¢
Whent =0,h =0 so In H = c thismeans
In(H—3h)=—3kt+InH

In(H—3h)—InH = -3kt

siny:in(

b} i) Attime t, the height reached by the water in
tank Q is h that indicates the volume of water
that passed from tank P to tank Q was

Vo= aVv2 x bV2 x h = 2abh.

Let the decrease in the volume in cylinder P be
Vp = abx , where x is the drop in height.

As Vp =V then abx = 2abh. So, x = 2h. In (-%ah-) = —3kt this means H;""' =g ¢
Therefore, when the height of water in cylinder Q H —3h = He 3kt¢
reached h, the height of water in cylinder P 3h = H — He 3ts
was H-x=H-2h. \/ 3h=H(1_e—3kt)
Hence, the rate of change is R H ( 'm) \/
Hence, h = —(1 - correct progress and justification t
=k [(H - 2h)— h] = k(H - 3h) 3 progress anc)
Alternative method i) Whent =4, hy = —(1 — e 13).
The area of the base of tank P is When t =12, h, = 3 ( 1—- e"""‘).
axb = abem* As h, =;hl this mezns
The area of the base of tank Q@ is
F -2 ,Q H(l— _Jb‘:)-7XH(l— —11(-) /
aVv2 % bV2 em?® = 2ab cm? 3 € =3°7 €

Hence, for every 2 cm decrease in tank P there

Dividing both sides by 2 we get
will be a 1 om increase in tank Q. s

7 Y
This can be shown in the following table. 1—e 3% = 3 (1—et2K)
~36K — 12k
Height in fge T =778 v
. H H—2 | H—-4 | H—-68 7e” —4e -3=0 or equivalent
tankPis H 12k —36k
Letm = e '** this means m® = e #°" and the
Height in 0 . \ 3 equation becomes 7m —4m* —3 =0
tank Qis h - Multiplying by —1, we get
3_ —
Difference in am*—=Tm+3=0
. . Using the factor theorem m = 1 is a solution, so
heights is H-0| H-3 | H-6 | H-9 .
H—h (m — 1) is afactor.
We can find the other factors by division.
By looking at the |ast row, which lists the difference 4m? +4m—3
between the two tanks, it can be seen that the m=—1 ) am*+0m?* —7m+3
expressions can be generalized as H — 3h. —4m® +4m?
dh 2 _
The changein h czn be expressed as a 4m Im+3
N g —4m? +4m
As i is proportional to the difference in heights, —3m+3
I3m—3
dh dh ———
T X H- 3h so —t=k(H—3h). 0

this
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o, 4m*—7m+3=0

(m—1)(4m*+4m—-3)=0

m=1lordm?’+4m—3=0
Cm—-10(2m+3)=0

1 3
m=-orm=—-
F] 2
Asm = e~ '** 2nd exponential is zlways positive
3. . .
thenm = —3is invalid,

Also,ash, = g(l — e '%¥)then m = 1 means
e 12% = 1 which means h, = 0 which isalso
invalid, This means e *%* = % v
Now, when t = 16,

— ey = My _ (g-12K)*
h_—(l )_T(l (e ))

Caze 1
By substituting e 1% = 7. we get
<
7 1 H 15 _ SH
-?(1 (;))—z"m-—r« v

c)

M

NE

‘\TI-" = W +E~"
= NM + %ﬁ ( as F is the midpoint of MP)

_ 1

/ either vector NF or NR in terms of vectors n and p
— 1
NR=xNF = x(—n +;p)

1
=—xn+—x
3B

Now, MR MN +NR

=Iz_—x_yl+;x‘g =(1 —x)_73+%£ (1)
Also, PE = PM + ME

= PM + %JW [ 25 E is the midpoint of MN)

1

ﬁ:yl’_ﬁ:z}(—g+-l )
— —):}3'*'5}'7‘1-

MR MP+PR

MR=p+—)’g+E)’£=(1—y)£+%'§_ (2)‘/

By equating (1) and (2), we get
A-xm+ip=(1-yp+3in

By equating the components of the vectors, we get
1—x=§thatis 2-2x=y (3)
and 1— '=% thatis 2—2y =x (4)
Now, by substituting (3) into (4), we gat
2—2(2—2x)==xthatis
2—4+4+4x=x So,x =i‘

By substituting x = é in(4),we gst
2-2y =2 thatis6— 6y =2

So, —6y = -4

Therefore y = l and x=2/3

—

Now, NR = 7- NF this means R_F' . l‘- F.
Hence, the ratio of

MR : NF:%'; 2:1 (A)
J

m

Also, < PE this means RE =-:-

Hence, the ratio of

— —

By substituting y= Ti" (2),we get

MR =(1-3)p+(3%5)n

MR:%p+

I -

Jm~—

n=s(p+n)

l

Now, MG =MN + NG
= MN+ ;NP ( as G is the midpoint of PN)

This means MG = n + % (—n +p)

Also, RG = MG — MR
= MG — MR

So, the ratio of
MR : R_G‘=l‘(p+n):%(p+n)

=2:1 (C)

Hence, from (A}, (B) 2nd (C) we can deduce that
the three medians are concurrent 3t R and the \/

point R divides each of these medians in the
ratio2 - 1.

two expressions for vector MR
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